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Abstract
Massless flows from the coset model su(2)k+1 ⊗ su(2)k/su(2)2k+1 to the minimal model
Mk+2 are studied from the viewpoint of form factors. These flows include in particular the
flow from the Tricritical Ising model to the Ising model. By analogy with the magnetization
operator in the flow TIM → IM, we construct all form factors of an operator that flows
to Φ1,2 in the IR. We make a numerical estimation of the difference of conformal weights
between the UV and the IR thanks to the ∆-sum rule; the results are consistent with the
conformal weight of the operator Φ2,2 in the UV. By analogy with the energy operator in the
flow TIM → IM, we construct all form factors of an operator that flows to Φ2,1. We propose
to identify the operator in the UV with σ1Φ1,2.
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1
Introduction
In our previous article [1], we considered the construction of the form factors of the trace operator
in the massless flows [2] from the UV coset model [3] su(2)k+1 ⊗ su(2)k/su(2)2k+1, with central
charge
cUV =
3k(k + 1)(2k + 5)
(k + 2)(k + 3)(2k + 3)
,
to the IR coset su(2)k ⊗ su(2)1/su(2)k+1. The latter model is the unitary minimal model Mk+2
with central charge
cIR =
k(k + 5)
(k + 2)(k + 3)
.
The flow is defined in UV by the relevant operator of conformal dimension ∆ = ∆¯ = 1−2/(2k+3);
it arrives in the IR along the irrelevant operator T T¯ .
These flows include in particular for k = 1 the famous massless flow from the Tricritical Ising
model to the Ising model. The latter flow was studied by Delfino, Mussardo and Simonetti
in [4] using a massless version of the form factor approach, originally developed for the mas-
sive case in [5–7]. For this purpose, the authors of [4] used the scattering data proposed by
Al.B. Zamolodchikov in [8]. Let us mention that the notion of massless scattering was first in-
troduced and discussed in this latter paper. In [4], beside the trace operator, some form factors
for the magnetization operator and the energy operator were constructed.
In this article we will try to generalize this construction to the whole family of flows introduced
above.
We do not intend to repeat here the construction of the form factors in the Sine-Gordon model,
and would like to refer the reader to our previous paper [1] for notations and formulae, and
to [9, 10] for complementary information on the global formalism.
Let us recall that in the massless case, the dispersion relations read (p0, p1) = M2 (e
θ, eθ) for right
movers and (p0, p1) = M2 (e
−θ′ ,−e−θ
′
) for left movers, where M is some mass-scale in the theory,
and θ, θ′ the rapidity variables. Zero momentum corresponds to θ → −∞ for right movers and
θ′ → +∞ for left movers.
The S-matrices for the three different scatterings were found in [11]: the RR and LL S-matrices
describe the IR CFT Mk+2, and are thus given by the RSOS restriction of the Sine-Gordon
S-matrix [12,13].
We introduce by anticipation the minimal form factor in the SG model:
fp(θ) = −i sinh
θ
2
fminp (θ) = −i sinh
θ
2
exp
∫ ∞
0
dt
t
sinh 12 (1− p)t
sinh 12pt cosh
1
2t
1− cosh t(1− θiπ )
2 sinh t
,
where the parameter p is related to the parameter k by p ≡ k + 2.
As for the RL scattering, it is given by3 [11]:
SRL(θ − θ
′) =
1
SLR(θ′ − θ)
= tanh
(
θ − θ′
2
−
iπ
4
)
.
In the IR limit, the scattering becomes trivial SRL(θ−θ
′)→ −1, and the two chiralities decouple.
The minimal form-factor in the RL channel satisfies the relation:
fRL(θ − θ
′) = fRL(θ − θ
′ + 2iπ)SRL(θ − θ
′),
3For the particular cases p = 3 and p = +∞, the scattering data were first proposed in [8] and [14] respectively.
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and its explicit expression is given by
fRL(θ − θ
′) = exp

(θ − θ′ − iπ)
4
−
∫ +∞
0
dt
t
1− cosh t
(
1− (θ−θ
′)
iπ
)
2 sinh t cosh t2

 .
Its asymptotic behaviour in the infrared is: fRL(θ − θ
′) ∼ K e
1
2
(θ−θ′−iπ), where
K = exp−
1
2
∫ ∞
0
dt
t
(
1
sinh t cosh t2
−
1
t
)
.
The plan of the paper is the following: in Section 1, we generalize the construction of the
form factors of the magnetization operator in the flow TIM→ IM, i.e. we construct form factors
of an operator that flows to Φ1,2 in the IR. Then we make numerical checks involving the ∆-
sum rule, in order to identify the conformal dimension of the operator in the UV. Section 2 is
devoted to the generalization of the form factors of the energy operator in the flow TIM → IM:
we construct form factors of an operator which flows in the IR to the operator Φ2,1 in Mk+2;
an analysis of the two point correlator for such an operator can also be found. Finally, we give
some concluding remarks.
1 Form factors of an operator Φ that flows to Φ1,2 in Mp.
1.1 Magnetization operator in the flow from TIM to IM.
A few form factors of the magnetization operator were obtained in [4] in terms of symmetric
polynomials for the case k = 1 (p = 3) corresponding to the massless flow from TIM to IM. Due
to the invariance of the theory under spin reversal, the order operator has non vanishing form
factors only on a odd number of particles, whereas the disorder operator only on an even one.
We shall consider the case of the disorder operator with even number of right and left particles.
We recall that the form factors of this operator satisfy the following residue equation at θ1 =
θ2r + iπ [4, 15]:
resF2r,2l(θ1, · · · , θ2r; θ
′
1, · · · , θ
′
2l) = −2i F2r−2,2l(θ2, · · · , θ2r−1; θ
′
1, · · · , θ
′
2l)
(
1 +
2l∏
k=1
SRL(θ2r − θ
′
k)
)
,
and a similar equation in the LL channel. The first step of recursion is given by F0,0 = 1.
In [16] it was observed that all form factors of this operator could be rewritten as:
F2r,2l(θ1, . . . , θ2r; θ
′
1, . . . , θ
′
2l) =∏
1≤i<j≤2r
sinh
θij
2
∏
1≤i<j≤2l
sinh
θ′ij
2
∏
i,j
fRL(θi − θ
′
j)Q2r,2l(θ1, . . . , θ2r; θ
′
1, . . . , θ
′
2l),
where
Q2r,2l(θ1, . . . , θ2r; θ
′
1, . . . , θ
′
2l) =
(−iπ)r+l
∑
T⊂S,
#T=r
∑
T ′⊂S′,
#T ′=l
∏
i∈T,
k∈T¯
φ(θik)e
1
2
∑
θki
∏
i∈T ′,
k∈T¯ ′
φ(θ′ik)e
1
2
∑
θ′
ik
∏
i∈T,
k∈T¯ ′
Φ(θi − θ
′
k)
∏
i∈T ′,
k∈T¯
Φ˜(θk − θ
′
i),
3
and
φ(θij) ≡
−1
fRR(θij)fRR(θij + iπ)
=
2i
sinh θij
, φ(θ′ij) ≡
−1
fLL(θ′ij)fLL(θ
′
ij + iπ)
=
2i
sinh θ′ij
, (1)
as well as:
Φ(θ − θ′) ≡
SRL(θ − θ
′)
fRL(θ − θ′)fRL(θ − θ′ + iπ)
= K−2(1− ieθ
′−θ), Φ˜(θ − θ′) ≡ Φ(θ − θ′ + iπ). (2)
It was found in [4] that for two right and two left particles, the expression of the form factor is
given by the following expression:
F2,2(θ1, θ2; θ
′
1, θ
′
2) =
1
4K4
tanh
θ12
2
tanh
θ′12
2
∏
i=1,2
j=1,2
fRL(θi − θ
′
j) (1 + e
θ′1+θ
′
2−θ1−θ2). (3)
The following relation holds when θi − θ
′
j → −∞ which defines the IR region [4, 16]:
F2r,2l(θ1, . . . , θ2r; θ
′
1, . . . , θ
′
2l)→ F
µ
2r(θ1, . . . , θ2r)F
µ
2l(θ
′
1, . . . , θ
′
2l),
where Fµ2r(θ1, . . . , θ2r) are the form factors of the disorder operator µ = Φ1,2 in the thermal Ising
model [6, 15,17]:
Fµ2r(θ1, . . . , θ2r) =
1
2r(2r−1)
∏
1≤i<j<≤2r
tanh
θij
2
.
1.2 Generalization
By analogy with the previous section, we shall now look for a solution to the following problem
at θ1 = θ2r + iπ:
resFΦ2r,2l(θ1, · · · , θ2r; θ
′
1, · · · , θ
′
2l) = (4)
−2i FΦ2r−2,2l(θ2, · · · , θ2r−1; θ
′
1, · · · , θ
′
2l)
(
1 +
2r−1∏
i=2
SRSOSp (θi − θ2r)
2l∏
k=1
SRL(θ2r − θ
′
k)
)
eR,
where eR = e
ipi
2p s1 ⊗ s¯2r + e
− ipi
2p s¯1 ⊗ s2r. A similar equation holds in the LL channel.
Let us note that in the IR limit, given that SRL → −1, the latter relation becomes
resFΦ2r,2l(θ1, · · · , θ2r; θ
′
1, · · · , θ
′
2l) =
−2i FΦ2r−2,2l(θ2, · · · , θ2r−1; θ
′
1, · · · , θ
′
2l)
(
1 +
2r−1∏
i=2
SRSOSp (θi − θ2r)
)
eR,
which is the residue equation satisfied by (amongst others) the operator Φ1,2 in Mp.
We construct a solution to the residue equation (4) with the initial condition FΦ0,0 = 〈Φ〉, and
with the following condition in the IR limit:
FΦ2r,2l(θ1, · · · , θ2r; θ
′
1, · · · , θ
′
2l)→ 〈Φ〉 f
Φ1,2
RSOS(θ1, · · · , θ2r) f
Φ1,2
RSOS(θ
′
1, · · · , θ
′
2l). (5)
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In other words, we want to construct form factors of an operator that renormalizes in the IR on
the operator Φ1,2 in Mp.
We make the following ansatz for the solution, to be compared with the one obtained for the
trace operator in [1] (once again, we refer the reader to [1,9,10] for further explanations on the
construction of form factors in the SG model and basic notations):
FΦ2r,2l(θ1, . . . , θ2r; θ
′
1, . . . , θ
′
2l) = 〈Φ〉N
Φ
2rN
Φ
2l
∏
1≤i<j≤2r
fp(θij)
∏
1≤i<j≤2l
fp(θ
′
ij)
∏
i,j
fRL(θi − θ
′
j)
×
∫
Cθ
r∏
m=1
dum hRR(θ, u)p
1
2
2r(θ, u)Ψ˜
p(θ, u)
∫
Cθ′
l∏
m=1
dvm hLL(θ
′, v)p
1
2
2l(θ
′, v)Ψ˜p(θ′, v)
× N2r,2l(θ, θ
′, u, v). (6)
We introduced p
1
2 (θ, u), which is the p-function4 of the operator Φ1,2 in the minimal model
Mp. We use the identification Φ1,2 ∼ e
iβ
2
ϕSG , followed by a modification of the multiparticles
state [13]: the modified Bethe ansatz state Ψ˜p is related to the usual Bethe ansatz state by the
relation [13]
Ψ˜pǫ1ǫ2...ǫ2n(θ, u) ≡ e
1
2p
∑
i ǫiθiΨpǫ1ǫ2...ǫ2n(θ, u), ǫi = ±,
2n∑
i=1
ǫi = 0.
We will use the p-function of the exponential fields eiαϕ in the SG model for the particular value
α = β/2 (the form factors of eiαϕ were first constructed in [18]; we use here the conventions and
notations of [19]):
p
1
2
2n(θ, u) =
1
e
ipi
2
∏n
j=1 e
uj∏2n
i=1 e
θi
2
.
We introduced the scalar function (completely determined by the S-matrix)
hp(θ, u) =
2n∏
i=1
m∏
j=1
φp(θi − uj)
∏
1≤r<s≤m
τp(ur − us),
with
φp(u) =
1
fp(u)fp(u+ iπ)
, τp(u) =
1
φp(u)φp(−u)
,
and NΦ2r, N
Φ
2l are normalization constants.
Finally, the integration contours Cθ consist of several pieces for all integration variables uj : a
line from −∞ to ∞ avoiding all poles such that Imθi− π− ǫ < Imuj < Imθi − π, and clockwise
oriented circles around the poles (of the φ(θi − uj)) at θi = uj, (j = 1, . . . ,m). The integration
contours Cθ′ are similarly defined. The function N2r,2l remains to be determined.
Let us motivate our ansatz (6): it is a slight modification of the results of [9, 10] that the form
factors of the operator Φ1,2 in the minimal model Mp are written:
f
Φ1,2
RSOS(θ1, · · · , θ2r) = N
Φ
2r
∏
1≤i<j≤2r
fp(θij)
∫
Cθ
r∏
m=1
dum hRR(θ, u)p
1
2
2r(θ, u)Ψ˜
p(θ, u).
4It is the only ingredient in the formula above that depends explicitly on the operator considered, see [10].
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When θ1 = θ2r+iπ, each of the r integration contours gets pinched at θ2r, θ2r± iπ, and we have
to take the sum of these three contributions. Due to symmetry, it is enough to consider the
contribution of one of them (e.g. ur), and multiply the result by r. The following computation
is detailed in [9]:
at ur = θ2r, we have:
resf
Φ1,2
RSOS(θ1, · · · , θ2r) = −2i f
Φ1,2
RSOS(θ2, · · · , θ2r−1)e
R,
whereas at ur = θ2r + iπ:
resf
Φ1,2
RSOS(θ1, · · · , θ2r) =
−2i f
Φ1,2
RSOS(θ2, · · · , θ2r−1)
2r−1∏
i=2
SRSOSp (θi − θ2r)(e
ipi
2p s1 ⊗ s¯2r),
and at ur = θ2r − iπ:
resf
Φ1,2
RSOS(θ1, · · · , θ2r) =
−2i f
Φ1,2
RSOS(θ2, · · · , θ2r−1)
2r−1∏
i=2
SRSOSp (θi − θ2r)(e
− ipi
2p s¯1 ⊗ s2r).
Remembering the relation:
fRL(θ − θ
′)fRL(θ − θ
′ + iπ) =
K2
1 + ieθ′−θ
,
we see that the ansatz (6) will satisfy the residue equation (4) at the condition that the function
N2r,2l(θ, θ
′, u, v) satisfies at θ1 = θ2r + iπ:
• ur = θ2r:
N2r,2l(θ1, . . . , θ2r; θ
′;u1, . . . , ur; v) =
N2r−2,2l(θ2, . . . , θ2r−1; θ
′;u1, . . . , ur−1; v)
2l∏
k=1
Φ˜(θ2r − θ
′
k). (7)
• ur = θ2r ± iπ:
N2r,2l(θ1 . . . θ2r; θ
′;u1 . . . ur; v) =
N2r−2,2l(θ2, . . . , θ2r−1; θ
′;u1, . . . , ur−1; v)
2l∏
k=1
Φ(θ2r − θ
′
k), (8)
and similar relations in the LL channel.
We introduce the sets S = (1, . . . , 2r) and S′ = (1, . . . , 2l), as well as T,U, V the subsets of S,
such that
S = T ∪ U ∪ V,
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with T ∩ U = ∅ and V = S − (T ∪ V ). These subsets have number of elements: #T = r − 1,
#U = 1, #V = r.
T = {i1 < i2 < · · · < ir−1}, U = {iu}, V = {k1 < k2 < · · · < kr}.
The subsets of S′: T ′, U ′ and V ′ are defined similarly.
We conjecture the following expression:
N2r,2l(θ, θ
′, u, v) =
1∑2r
i=1 e
θi
∑2l
i=1 e
−θ′i
×
∑
T⊂S
∑
U⊂S
∑
T ′⊂S′
∑
U ′⊂S′
×
∏
k,l∈V
k<l
cos θkl2i
∏
k∈V cos
θku
2i
∏
i∈T cos
θiu
2i∏
i∈T,
k∈V
sin θik2i
∏
i∈T sin
θui
2i
∏
k∈V sin
θku
2i
eθu
∏
k,l∈V ′
k<l
cos
θ′
kl
2i
∏
k∈V ′ cos
θ′
ku
2i
∏
i∈T ′ cos
θ′iu
2i∏
i∈T ′,
k∈V ′
sin
θ′
ik
2i
∏
i∈T ′ sin
θ′ui
2i
∏
k∈V ′ sin
θ′
ku
2i
e−θ
′
u
×
∏
i∈T,
m=1,...,r
cos θi−um2i
∏
i∈T ′,
m=1,...,l
cos
θ′i−vm
2i∏
1≤m<n≤r cos
um−un
2i
∏
1≤m<n≤l cos
vm−vn
2i
∏
i∈T∪U,
k∈V ′
Φ˜(θi − θ
′
k)
∏
i∈T ′∪U′,
k∈V
Φ(θk − θ
′
i) .
Let us give a sketch of the proof that this function satisfies the relations (7) and (8):
• when θ1 = θ2r + iπ and ur = θ2r, we cannot have θ1 ∈ T , otherwise the term cos
θ1−ur
2i
becomes equal to zero. Consequently we should have θ1 ∈ U or θ1 ∈ V . It follows from a
simple inspection of the other cosines in the numerator that the only possibility in order
to have the function N different from zero is to have θ1 ∈ V and θ2r ∈ T . Equation (7)
follows from the use of simple trigonometric identities.
• conversely, when θ1 = θ2r + iπ and ur = θ2r ± iπ, we find that we should have θ1 ∈ T and
θ2r ∈ V . Equation (8) follows.
Moreover, it was checked with Mathematica (for a small number of particles) that the relation
(5) holds.
1.3 Numerical results
By analogy with what was done in [20] for the flow TIM → IM, one can think of using the
∆-sum rule in order to compute the variation of the conformal dimension and hence identify the
conformal dimension of the operator in the UV. We recall the relation [20]:
D ≡ ∆UVΦ −∆
IR
Φ = −
1
2〈Φ〉
∫ ∞
0
dr r 〈Θ(r)Φ(0)〉, (9)
where 〈Φ〉 is the vacuum expectation value of the operator Φ, and Θ the trace operator.
For our purpose, we will need the expression of the 4-particles form factor of Θ found in [1]:
FΘ(θ1, θ2; θ
′
1, θ
′
2)
=
16πM2
p2K4
fp(θ12)fp(θ
′
12)
∏
i=1,2
j=1,2
fRL(θi − θ
′
j)
cosh θ122 cosh
θ′12
2 e
R ⊗ eL
sinh 1p(iπ − θ12) sinh
1
p(iπ − θ
′
12)
,
7
as well as the 4-particles form factor of the operator Φ. The formula presented in the previous
section considerably simplifies for 4 particles:
N2,2(θ1, θ2; θ
′
1, θ
′
2;u, v) = K
−4(1 + eθ
′
1+θ
′
2−θ1−θ2),
and this leads to the following expression for the form factor:
FΦ(θ1, θ2; θ
′
1, θ
′
2)
=
〈Φ〉
p2K4
fp(θ12)fp(θ
′
12)
∏
i=1,2
j=1,2
fRL(θi − θ
′
j)
(1 + eθ
′
1+θ
′
2−θ1−θ2) eR ⊗ eL
sinh 1p(iπ − θ12) sinh
1
p(iπ − θ
′
12)
. (10)
The normalization of the latter form factor was chosen in order to ensure the initial condition
FΦ0,0 = 〈Φ〉. This amounts to setting the constant: N
Φ
2 =
C4p
πp in formula (6), where C
4
p is defined
by the asymptotic behaviour when θ → ±∞ of the minimal form factor:
fp(θ) ∼ Cp e
± 1
4
( 1
p
+1)(θ−iπ).
Explicitly:
Cp =
1
2
exp
1
2
∫ ∞
0
dt
t
(
sinh 12 (1− p)t
sinh 12pt cosh
1
2 t sinh t
−
1− p
pt
)
.
The four particle form factor (10) at p = 3 should be compared with equation (3); in this case
we have:
f3(θ12)
sinh 13 (iπ − θ12)
= −
3
2
tanh
θ12
2
,
and consequently the two expressions are identical.
For an arbitrary number of particles, our general construction (6) for p = 3 should reduce to
the formula presented in section 1.1. This looks quite a non trivial task to be performed, and
we hope we can return to this issue in the future (a similar situation has already occured in [1]
and [19]).
Let us note finally that the v.e.v 〈Φ〉 does not need to be known exactly, as it does not enter
the numerical estimation.
In order to apply the ∆-sum rule test, it is important to have in mind a UV operator that could
be a good candidate: we recall that the numerical tests on the central charge in [1] already
showed quite a large discrepancy with respect to the exact results, so we do not expect the sum
rule for the conformal dimension to give particularly accurate results.
The minimal model Mk+2 is nothing but the coset model su(2)k ⊗ su(2)1/su(2)k+1, and we will
denote the latter M(k + 2, 3). The operator Φ1,2 in M(k + 2, 3) has conformal dimension
∆IR1,2 =
k
4(k + 3)
,
which is the same as Φ2,2 in the coset model
5 M(3, k + 2). From the perturbative RG cal-
culations [21, 22] for the Φ1,3 induced flow from Mk+3 to Mk+2, and the Landau-Ginzburg
5In the coset modelM(k+2, l+2), the primaries σjΦr,s with 0 < r < k+2, 0 < s < k+ l+2 have conformal
weight ∆ = ((k+2)s−(k+l+2)r)
2−l2
4l(k+2)(k+l+2)
+ j(l−j)
2l(l+2)
, where j = 0, 1, . . . , l/2 [(l−1)/2] for l even [odd] and |s−r| = |j mod l|.
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representation [22, 23], it is well known that one expects Φ2,2 in Mk+3 to flow to Φ2,2 in Mk+2
for k odd. For k = 1, Φ2,2 in M4 has conformal dimension
3
80 , and Φ2,2 = Φ1,2 in M3 has con-
formal dimension 116 . This flow was later confirmed by [24] by guessing massless TBA equations
for the first excited state in the theory M4, via a suitable modification of the massless TBA
equations for the ground state found in [8].
Then, using the form factors obtained in [4] for the flow TIM→ IM, the authors of [20] success-
fully identified the conformal dimension of Φ2,2 in the UV thanks to the ∆-sum rule.
Some results are also available about the massless flows between N=1 unitary superconformal
models, thanks to perturbative RG analysis [25]. In particular, the results obtained in this
article indicate that (at least for l large), there exist flows Φ2,2 → Φ2,2 from M(l + 3, 4) to
M(l + 1, 4), (the case we are particularly interested in is given by l = 2, which is not covered
by RG analysis).
Consequently, we find it natural enough -let us recall that the operator Φ2,2 in the coset
M(m,k + 2), which conformal weight is ∆2,2 =
3k
4m(m+k) , is the fundamental Landau-Ginzburg
field- to conjecture that we are dealing with Φ ≡ Φ2,2 in M(k + 3, k + 2), flowing to Φ2,2 in
M(3, k + 2). The conformal dimension of the UV operator Φ2,2 is:
∆UV2,2 =
3k
4(k + 3)(2k + 3)
,
and we conjecture that the variation of the conformal dimension along the flow is given by:
Dexactk = ∆
UV
2,2 −∆
IR
2,2 = ∆
UV
2,2 −∆
IR
1,2 = −
k2
2(k + 3)(2k + 3)
.
In Table 1 we present the numerical estimation versus the exact result: we find a good agreement
between them, at least within the precision of the four-particle approximation (the discrepancies
given in the last column of Table 1 are compatible with such an approximation). Let us note also
that the accuracy of the results observed here is actually better than the one we had obtained for
the c-theorem in [1], where it had appeared that the precision of the numerical results diminished
as one increased k. In our previous paper, we had linked this phenomenon to the fact that the
conformal weight of the trace operator
∆Θ = ∆¯Θ = 1−
2
2k + 3
,
gets closer to one as k increases, spoiling thus the convergence in the UV of the integral expressing
the variation of the central charge.
The funny pattern observed in Table 1 is a bit more difficult to explain; we believe it could
be caused by a combined effect of ∆Θ → 1 when k →∞, as well as the non monotonic behaviour
of ∆UV2,2, as ∆
UV
2,2 → 0 for both k → 0 and k →∞.
In any case, we have little doubt that the ∆-sum rule supports our conjecture. Still, it would
be interesting to confirm our result by means of other methods (we have in mind the TBA
analysis, in a similar way to what has been done in [24]).
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k Dnumk D
exact
k % dev. ∆
UV
2,2 ∆
Θ
1 −0.0254(2) −0.025 1.6% 0.0375 0.6
2 −0.0609(3) −0.057142 . . . 6.6% 0.042857 . . . 0.714286 . . .
3 −0.0910(3) −0.083333 . . . 9.2% 0.041666 . . . 0.777777 . . .
4 −0.1152(5) −0.103896 . . . 10.9% 0.038961 . . . 0.818181 . . .
6 −0.151(2) −0.133333 . . . 13.2% 0.033333 . . . 0.866666 . . .
10 −0.189(1) −0.167224 . . . 13.0% 0.025083 . . . 0.913043 . . .
20 −0.220(1) −0.202224 . . . 8.8% 0.015166 . . . 0.953488 . . .
50 −0.242(2) −0.228979 . . . 5.7% 0.006869 . . . 0.980583 . . .
100 −0.246(2) −0.239131 . . . 3.0% 0.003586 . . . 0.990148 . . .
∞ −0.251(1) −0.25 0.8% 0 1
Table 1: Four particle approximation - comparison between Dnumk and D
exact
k (conjectured vari-
ation of the conformal dimension).
2 Form factors of an operator Ψ that flows to the chiral compo-
nents of Φ2,1 in the Mp model.
2.1 Energy operator in the flow between TIM and IM.
We recall that for the massless flow between TIM and IM, the asymptotic states consist of right
and left Majorana fermions, with Lorentz spin s = ±1/2. The form factors of the energy operator
ǫ have non zero matrix elements for an odd number of right particles and an odd number of left
particles. They satisfy the residue equation in the RR channel at θ1 = θ2r+1+iπ (we recall that
SRR = SLL = −1):
resF ǫ2r+1,2l+1(θ1, · · · , θ2r+1; θ
′
1, · · · , θ
′
2l+1)
= −2i F ǫ2r−1,2l+1(θ2, · · · , θ2r; θ
′
1, · · · , θ
′
2l+1)
(
1− (−1)2r−1
2l+1∏
k=1
SRL(θ2r+1 − θ
′
k)
)
and a similar relation in the LL channel. It was noticed in [16] that they could be written as:
F ǫ2r+1,2l+1(θ1, . . . , θ2r+1; θ
′
1, . . . , θ
′
2l+1) =
iM
K
∏
1≤i<j≤2r+1
sinh
θij
2
∏
1≤i<j≤2l+1
sinh
θ′ij
2
×
∏
i,j
fRL(θi − θ
′
j) Q
ǫ
2r+1,2l+1(θ1, . . . , θ2r+1; θ
′
1, . . . , θ
′
2l+1).
The expression for Qǫ2r+1,2l+1 being given by:
Qǫ2r+1,2l+1(θ1, . . . , θ2r+1; θ
′
1, . . . , θ
′
2l+1) =
πr+l
∑
T⊂S,
#T=r
∑
T ′⊂S′,
#T ′=l
∏
i∈T,
k∈T¯
φ(θik)
∏
i∈T ′,
k∈T¯ ′
φ(θ′ik)
∏
i∈T,
k∈T¯ ′
Φ(θi − θ
′
k)
∏
i∈T ′,
k∈T¯
Φ˜(θk − θ
′
i),
where the functions φ(θ) and Φ(θ) are defined in (1) and (2) above, and the first recursion step
is [4]:
F ǫ1,1(θ1; θ
′
1) =
iM
K
fRL(θ1 − θ
′
1).
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In the IR, F ǫ1,1(θ1; θ
′
1)→ Me
1
2
(θ−θ′) ∼ ψψ¯ ∼ ǫIsing, with conformal dimension ∆IR = ∆¯IR = 1/2.
The authors of [4] checked numerically that the power law behaviour in the UV of the two
point correlation function truncated to one right and one left particle agreed with the expected
conformal dimension (1/10, 1/10) of the field Φ1,2 in TIM.
2.2 Generalizations
We generalize the previous results for any value of p: the important observation is that the
primary field Φ2,1 in Mp has conformal dimension ∆2,1 = ∆¯2,1 =
1
4 +
3
4p : for p = 3 it is nothing
but the energy operator ǫ = ψ¯ψ in the Ising model, and for p = +∞, it coincides with the
spinon field of the SU(2)1 WZNW model. It is thus natural to think of each chiral components
as a generalized fermion for p arbitrary (in other words, its chiral components generate the
asymptotic states) [26].
We call g↑↓ and g¯↑↓ the holomorphic components of Φ2,1: g↑, g¯↑ have Lorentz spin ∆2,1, whereas
g↓, g¯↓ have Lorentz spin −∆2,1. These operators are topologically charged: as g↑, g¯↓ create
asymptotic particles, they have topological charge +1. Analogously, g↓, g¯↑ have topological
charge −1. The problem of the construction of form factors of the ”parafermionic” operators
g↑, g¯↓ with a non zero topological charge in the RSOS restriction of the Sine-Gordon model was
first addressed in [26], the form factors of the components of the Fermi field in Sine-Gordon were
constructed in [9], and quite generally, form factors of topologically charged operators can be
found in [27].
• (1, 1) topological charge:
We shall look now at form factors of an operator Ψ which flows to g↑g¯↓. The topological
charge is equal to 1 in both the right and left sectors. The first step of the recursion
relation is given by:
F1,1(θ1, θ
′
1)++ =
iM2∆2,1
K
fRL(θ1 − θ
′
1)e
(∆2,1−
1
2
)(θ1−θ′1), (11)
such that in the IR limit θ1 − θ
′
1 → −∞:
F1,1(θ1, θ
′
1)++ → f
g↑
1 (θ1) f
g¯↓
1 (θ
′
1).
We make the following ansatz for the solution:
F2r+1,2l+1(θ1, . . . , θ2r+1; θ
′
1, . . . , θ
′
2l+1) =
M2∆2,1
K
∏
1≤i<j≤2r+1
fp(θij)
∏
1≤i<j≤2l+1
fp(θ
′
ij)
∏
i,j
fRL(θi − θ
′
j) ×
∫
Cθ
r∏
m=1
dum hRR(θ, u) p
−∆2,1+
1
2p
2r+1 (θ, u)Ψ˜(θ, u)
∫
Cθ′
l∏
m=1
dvm hLL(θ
′, v) p
∆2,1+
1
2p
2l+1 (θ
′, v)Ψ˜(θ′, v)
× R2r+1,2l+1(θ, θ
′, u, v).
In the formula above:
– we introduced the modified Bethe ansatz states
Ψ˜pǫ1ǫ2...ǫ2n+1(θ, u) ≡ e
1
2p
∑
i ǫiθiΨpǫ1ǫ2...ǫ2n+1(θ, u), ǫi = ±,
2n+1∑
i=1
ǫi = ±1,
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One should pay attention that under a Lorentz transformation, this multiparticule
state possesses a Lorentz spin s = 12p when
∑2n+1
i=1 ǫi = 1.
– the p-function for g↑ with topological charge 1 is:
p
∓∆2,1+
1
2p
2n+1 (θ, u) =
1
e∓iπ∆2,1
∏n
m=1 e
(
∓2∆2,1+
1
p
)
um
∏2n+1
i=1 e
(
∓∆2,1+
1
2p
)
θi
.
Under a Lorentz transformation, this p-function possesses a Lorentz spin s = ±∆2,1−
1/2p, such that together with the Bethe ansatz state, the total Lorentz spin is equal
to s = ±∆2,1.
– we took into account the relation between the number of particles n, the topological
charge q and the number of integration variables m: q = n− 2m.
Let the set S = (1, . . . , 2r + 1), and T ⊂ S and T¯ ≡ S\T . These subsets have the number
of elements: #T = r + 1, #T¯ = r,
T = {i1 < i2 < · · · < ir+1}, T¯ = {k1 < k2 < · · · < kr}.
The sets S′, T ′ and T¯ ′ are similarly defined. We propose:
R2r+1,2l+1(θ, θ
′, u, v) = ir+l+1
∑
T⊂S,
#T=r+1
∑
T ′⊂S′,
#T ′=l+1
∏
k,l∈T¯
k<l
cos θkl2i∏
i∈T,
k∈T¯
sin θik2i
e
1
2
∑
θki
∏
k,l∈T¯ ′
k<l
cos
θ′
kl
2i∏
i∈T ′,
k∈T¯ ′
sin
θ′
ik
2i
e
1
2
∑
θ′
ik
×
∏
i∈T,
m=1,...,r
cos θi−um2i
∏
i∈T ′,
m=1,...,l
cos
θ′i−vm
2i∏
1≤m<n≤r cos
um−un
2i
∏
1≤m<n≤l cos
vm−vn
2i
∏
i∈T,
k∈T¯ ′
Φ˜(θi − θ
′
k)
∏
i∈T ′,
k∈T¯
Φ(θk − θ
′
i).
The function R2r+1,2l+1 satisfies the properties at θ1 = θ2r+1 + iπ:
– ur = θ2r+1:
R2r+1,2l+1(θ1, . . . , θ2r; θ
′;u1, . . . , ur; v) =
−R2r−1,2l+1(θ2, . . . , θ2r+1; θ
′;u1, . . . , ur−1; v)
2l+1∏
k=1
Φ˜(θ2r+1 − θ
′
k). (12)
– ur = θ2r+1 ± iπ:
R2r+1,2l+1(θ1 . . . θ2r+1; θ
′;u1 . . . ur; v) =
R2r−1,2l+1(θ2, . . . , θ2r; θ
′;u1, . . . , ur−1; v)
2l+1∏
k=1
Φ(θ2r+1 − θ
′
k), (13)
and similar relations in the LL-channel. In particular R1,1 = ie
1
2
(θ′1−θ1). We have in the
IR (checked for a small number of particles with Mathematica):
F2r+1,2l+1(θ1, · · · , θ2r+1; θ
′
1, · · · , θ
′
2l+1)→ f
g↑
2r+1(θ1, · · · , θ2r+1) f
g¯↓
2l+1(θ
′
1, · · · , θ
′
2l+1).
Let us note that the minus sign in the equation (12) is related to the fact that the term∏2l+1
k=1 SRL(θ2r+1 − θ
′
k) in the residue equation gives an extra minus sign in the IR limit.
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• (−1,−1) topological charge
This case is similar to the previous one, at the condition of changing the number of
integration variables (r, l) into (r + 1, l + 1), introducing a new function P:
P2r+1,2l+1(θ, θ
′, u, v) = (−i)r+l−1
∑
T⊂S,
#T=r
∑
T ′⊂S′,
#T ′=l
∏
k,l∈T¯
k<l
cos θkl2i∏
i∈T,
k∈T¯
sin θik2i
e
1
2
∑
θik
∏
k,l∈T¯ ′
k<l
cos
θ′
kl
2i∏
i∈T ′,
k∈T¯ ′
sin
θ′
ik
2i
e
1
2
∑
θ′
ki
×
∏
i∈T,
m=1,...,r+1
cos θi−um2i
∏
i∈T ′,
m=1,...,l+1
cos
θ′i−vm
2i∏
1≤m<n≤r+1 cos
um−un
2i
∏
1≤m<n≤l+1 cos
vm−vn
2i
∏
i∈T,
k∈T¯ ′
Φ˜(θi − θ
′
k)
∏
i∈T ′,
k∈T¯
Φ(θk − θ
′
i),
that satisfies similar equations to (12) and (13). There are some obvious modifications in
the p-functions to be made, that we think are needless to make more explicit here.
2.3 Numerical results
In the flow TIM → IM, the UV operator Φ1,2 with conformal dimension (1/10, 1/10) flows in
the IR to Φ2,1 with conformal dimension (1/2, 1/2).
Let us notice the operators Φ2,1 in Mk+2 = M(k + 2, 3) with conformal dimension ∆
IR
2,1 =
1
4 +
3
4(k+2) coincide with the operators σ1Φ2,1 in the coset M(3, k + 2) (for k = 1, it is Φ2,1).
Consequently, by analogy with the case k = 1, we are tempted to conjecture that the UV
operator Ψ we are looking for is σ1Φ1,2 in the coset model M(k + 3, k + 2). This operator has
conformal dimension6:
∆UV =
3(k + 1)
4(k + 2)(2k + 3)
. (14)
In the framework of form factors we can try to give some evidence in favour of such a conjecture
by means of the analysis of the 〈Ψ(x)Ψ(0)〉 correlation function. As usual, we will write down
the leading contribution to the spectral expansion for the correlator given by the two-particles
form factor (11)
〈Ψ(x)Ψ(0)〉 ∼
∫ ∞
−∞
dθ |F1,1(θ)++|
2 K0(Mr e
θ/2),
where K0(z) is the modified Bessel function of order zero.
The next step is then to compare the approximated correlator with the expected power-law
behaviour in both the IR and UV, being ∼ r−4∆
IR
2,1 and ∼ r−4∆
UV
respectively. In other words,
we are interested in comparing the slope of the approximated correlator with that predicted by
CFT at the critical points (we will use the log-log plane to plot them).
The inspection of the diagrams (see figures 1, 2, 3, 4, obtained for k = 1, 2, 3, 10 respectively)
shows first of all the expected agreement in the IR limit: it is worth recalling that as in the case
of the trace operator [1], the leading contribution of the spectral series is enough to obtain the
exact IR power-law.
6More generally, the operator σ1Φ2,1 in the coset modelM(k+2, l+2) has conformal dimension ∆ = ∆
Mk+2
2,1 +
∆
Ml+2
2,1 −
1
2
, where ∆
Mk+2
2,1 (∆
Ml+2
2,1 ) is the conformal dimension of Φ2,1 in the minimal model Mk+2 (Ml+2). This
operator is the generalization of Φ2,1 in minimal models.
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It is instead quite surprising that such an approximation is able to give a qualitative good
agreement also in the UV (again similar to the case of the stress-energy tensor) when (14) is
conjectured to give the correct power-law behaviour.
On the one hand, the previous result can be considered as a qualitative evidence that the
operator σ1Φ1,2 in the UV actually flows to the operator Φ2,1 in the IR theory. On the other
hand, we would like to stress that such a result, being qualitative, is far from being neither
conclusive nor satisfactory in the perspective of the identification of the UV operator σ1Φ1,2. At
best it can be viewed as an indication to stimulate the research of other, more reliable, methods
to face the problem of the identification of operators in massless flows.
A final remark about the diagrams: since we are interested in the comparison of the slope of
the curves, all the normalizations have been fixed in order to make such a comparison as clear
as possible.
Concluding remarks
In this work, we constructed form factors of operators in the massless flow from the coset model
su(2)k+1⊗su(2)k/su(2)2k+1 to theMk+2 minimal model, mimicking the construction done in [4]
of form factors of the magnetization operator and the energy operator in the massless flow
TIM → IM.
What we did in the section 1.2 is to look for solutions of the residue equation that are
obtained replacing the RR and LL S-matrices SRSOS3 = −1 by the S
RSOS
k+2 -matrix, given that
they should reproduce in the IR limit in both the right and left channel the form factors of the
operator Φ1,2 in the minimal model Mk+2. Then we made a numerical check on the variation
of conformal weight along the flow thanks to the ∆-sum rule, and found that, if not excellent,
it is compatible with the hypothesis that we are dealing with the operator Φ2,2 in the UV.
The situation is slightly more complicated in the section 2.2, because the asymptotic parti-
cles possesses generalized statistics for k 6= 1 : we took into account the IR properties only, and
constructed form factors which in the IR limit reproduce the form factors of the parafermionic
operators with conformal dimension (±∆2,1, 0) and (0,±∆2,1). Notwithstanding this, the ap-
proximation of the two point function with the lowest form factor with one right and one left
particle is enough to give, at least at a qualitative level, a good agreement with the power-law
behaviour expected in the UV if we conjecture that the corresponding operator is σ1Φ1,2.
We are not saying that we constructed all the possible flows of operators, but only those
which have an obvious counterpart in the flow TIM→ IM. It would be interesting to know what
else could be constructed.
The results obtained in both [1] and the present work show that form factors in integrable
massless models can provide important non perturbative information, even in more complicated
cases than the flow TIM → IM. Obviously, we are in a privileged situation: having a one
parameter family of flows at hand certainly allows us to understand better the loss of precision
in the numerical tests for the c- and ∆-sum rules as one increases the parameter k. Had we
worked on the flow PCM1 → SU(2)1 only, the discrepancy of 43% with respect to the exact
value of the central charge [1] would have probably led us to conclude that our 4-particle form
factor for the trace operator was wrong! Interestingly enough, the results of the present work
as well as those of [1,19] show that whether in the massive or the massless case, the truncation
to the lowest form factor does not systematically give a ’very accurate’ approximation of the
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correlation function. One can really wonder up to what point it can be unaccurate; certainly,
this means that one has to be rather cautious when interpreting the numerical results, in the
case where a large discrepancy with respect to the expectations is observed.
We are aware of the fact that our task was considerably simplified as the flow is along T T¯ .
For other integrable massless flows with a non diagonal RL scattering, the situation is far more
involved, both theoretically and numerically: in most cases, we do not expect that the lowest
form factors can be nicely written as an explicit product of simple functions in the right and
left channel as it is the case here; likely, even with the lowest number of particles one might not
get rid of the integration variables, thus the integrals for the form factors should be evaluated
numerically first.
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Figure 1: Flow k = 1, logarithmic plot of the correlator 〈Ψ(x)Ψ(0)〉 (black line) together with
both the IR (grey line) and the UV (dark-grey line) behaviours.
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Figure 2: Flow k = 2, logarithmic plot of the correlator 〈Ψ(x)Ψ(0)〉 (black line) together with
both the IR (grey line) and the UV (dark-grey line) behaviours.
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Figure 3: Flow k = 3, logarithmic plot of the correlator 〈Ψ(x)Ψ(0)〉 (black line) together with
both the IR (grey line) and the UV (dark-grey line) behaviours.
-10 -7.5 -5 -2.5 2.5 5
logHM rL
-4
-2
2
4
Figure 4: Flow k = 10, logarithmic plot of the correlator 〈Ψ(x)Ψ(0)〉 (black line) together with
both the IR (grey line) and the UV (dark-grey line) behaviours.
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